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Abstract. The paper concerns the problem of minimization of the total compliance of the two-
phase plates. These phases are characterized by two different thicknessgesh, > hi. The
relaxation of the problem follows the paper by Gibiansky and Cherkaev (report No 914, Fiz.
Tekhn. Inst. im. A. loffe, AN SSSR, Leningrad 1984). Thus the composite domains are admitted
where the microstructure is that of 2nd rank ribbed plates with mutually orthogonal stiffening.
Distribution of the three design variables; (x), 0;(x), ¢(x) are found iteratively by using the
updating scheme of M. Bendsge. The layouts obtained are characterized by some properties
that can be predicted by qualitative optimization methods.
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1 Introduction

The paper deals with minimizing the total compliance of thin elastic plates. If a distributed
transverse loading = p(x) causes the deflection field = w(x) the compliance means simply

J= /Q p(a)w(z) da ; 1)

herex = (x1,z5) € 2, Q being the plate middle plane. Thus minimizationjaf equivalent to
maximization of an overall stiffness of the plate.

Let the plate stiffness tensor be non-homogenedis: D(x), D = (D****), The deflection
field w entering (1) satisfies the variational equilibrium equation

/v7a5Do"6)‘“($)w7Au da::/pvdx (2)
Q Q

for all v being kinematically admissible. Assume that the material of the plate is given as isotrop-
ic, with moduli £ andv. Let the plate thickness assume two valueg;, andhq, hy > h; > 0.

We write h(x) € {h1, ho} Or h(z) = hix1(z) + haxa(z), x2(z) = 1 — xa(x) andx, (x) equals

1in 4, whereh = hy; andy; = 01in Q, = Q\;. Note thaty,, is a characteristic function of

the domair(,,.

We consider a family of plates of a given volume

V:hl/X1d$+h2/X2dI (3)
Q Q

One of the oldest and still challenging optimum design problems reads:

find x; such that/ assumes minimum under the condition of the volume being fixed,
(P) | see (3). The fieldy entering (1) satisfies the equation (2) in which the relalitih )
corresponds to the thin plate theory.

A quixotic history of attempts of solving the above problem directly has eventually ended up
in 1984, when Gibiansky and Cherkaev [1] proposed a correct relaxation of the problem. It
has turned out that the problef®?) should be replaced with a new ofi2) in which: y,(z)

are replaced withn, (z), D(z) is replaced withD(z) wherem,,(z) are continuous functions
defined inQ2 and assuming values i, 1], while D corresponds to a thin composite plate
constructed by two subsequent and orthogonal layerings, in the sense of the homogenization
theory of plates, see Lengki and Telega [2].

The optimum designs in the relaxed se(@e) has been a subject of the papers by Gibiansky
and Cherkaev [1], Diaz et al. [3], Krog and Olhoff [4], Lewki and Othman [5], Othman [6],
Kolanek and Lewiski [7], Olhoff et al. [8]. Since only selected optimization problems for thin
plates are presented in this literature it is thought appropriate to put forward here some relaxed
solutions for thin simply supported and clamped quadratic plates, subjected to a uniform loading
and discuss their properties. The characteristic features of the relaxed solutions are:

i) the optimal plate is isotropic and non-homogeneous but can, paradoxically, be treated as
orthotropic in some subdomains;
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ii) there are three types of those subdomains; they are determined by the value of the non-
dimensional invariant of the moment statedeviator(M)||/|tr(M)|, the norm|| - ||
being defined as Euclidean;

iii) in two of those subdomains the principal directions ®&f determine the direction of
ribs at the microscale. In the third subdomain one observes a deviation between these
directions;

iv) in all subdomains the directions of principal moments and principal strains (changes of
curvature) coincide.

The aim of the paper is to check these properties by numerical computation and to discuss the
morphology of the mentioned subdomains, for the variable initial datdi, andV .

2 Relaxed formulation

For isotropy the bending stiffness tensor is represented by

where , ,
Eh Eh

k=——1 = 5

2u1—-v)  MT a1y ®)

and the components of tensdrg are given by
I, = (%5‘155”) I, = (% (5“5”" + PN — 5“(9“)) (6)

The bending stiffness tensor is representedyin 2; and D, in 5, where

D, = 2ko I + 2p 15 (7)
with B(h,)? B(h.)?
7 (i R 7 () ©
The conditionhy, > hy implies
ko > ki, Mo > iy 9

andD, — D, is positive definite, hence invertible.

The homogenized tensdd is constructed in two steps. First we construct a ribbed plate along
the x; direction, with area fractiong, andf, = 1 — 6;. Then the homogenized material thus
obtained is mixed with the stronger one to form ribs alengvith area fractions,, w, = 1—w;
alongz,. This theoretical construction is explained in Léski and Telega [2, Sec. 24.2] in
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detail, hence it is sufficient to recall the final result. The non-zero componeﬁsreferred to
the orthonormal basis are

D _ % (511 Lop2 522) ’ D222 _

Dl _ 1 (511 _ 522) D212 _ 1[533 (10)
2 ?

D2211 — D1122 7 D2121 — D1221 — D2112 — D1212

where

1511 = kg — ma (kg + [p]im) Ak (k2 + p2)
2 n(elvml)
1512 ~ ma(200 — 1 — my) AkApu(ks + po)

2 n(elaml)
“D2 — yy — ma (o + [klm) Ap(ks + p12)
2 n(elaml)

1

5533:<M>m’ D™ — D3 —

The following notation is introduced:

(0, mq) = 4(1 = 01)(01 — ma) ApAk + (k2 + p2)[k + plm
[9],, = M1g2 + Mmags (9)m = m1g1 +mags Ag=|g2— o], (12)

(11)

{g}m = (magr! +magy ')~
for g € {u, k}. Moreover,
my = wy + wiby my = Oyw (13)

andm + my = 1.

If the microstructure of properties (10) is rotated by an aaghéth respect to the original coor-
dinate system, then the stiffnessl‘é% referred to the original orthonormal basis are determined
by the transformation rules:

15;)1 = DU | 5;}2 = cos2¢D'? 5}?3 = sin 2¢D'?
5352 = cos2 20D + sin? 20 D33 5353 = sin 2¢ cos 2¢ (1522 — 533) : (14)
D3 = sin? 20D + cos?20D* , DY = D

and the component®;”* are given by (10) withD replaced byD?/. We shall use the fol-
lowing notation N N
Dgﬂ)\ﬂ - Daﬁ)\#<927 w2, ¢) (15)

to stress tha1~)¢ Is determined by two area fractiorts: andw,, and an angle; their range is:

0<6,<1, 0<w<1, 0<¢<2n (16)
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Just the functions,(z), w»(z) and¢(x) are design variables of the relaxed probleh). This
problem consists in minimizing the functiona) see (1), wherev solves the variational equa-
tion (2) with D replaced byD(6,,w,, ¢), and the isoperimetric condition (3) is replaced by

The fieldsm,, m, are expressed ky, andd, by (13).

For special values ab, and 6, the relaxed formulation encompasses the initial one, but the
optimal solution usually admits a region whére: 0, < 1,0 < ws < 1 and there the plate has
an undetermined thickness.

3 Direct numerical solution of the relaxed problem

3.1 Necessary conditions of optimality

We shall follow the algorithm of Bendsge [9]. It is helpful to recall it here.
Let us introduce the bilinear form

a(w,v) = / vﬂgﬁaﬁ’\“(@% Wa, )W 5, dx (18)
Q
and the linear form
fw) = [ pods (19)
Q
The conditions (16) are expressed with using slack variables ., o, as follows
—92+<O{1)2:O7 —1+62+(C¥2)2:O7
(20)
—w2+(a3)2:0, —1+w2+(a4)2:0

Note thatJ = f(w) andw satisfiesu(w,v) = f(v) for all kinematically admissible fields.
We define the Lagrangian function:

L= f(w)+[f(v) = a(w,v)]+A {/Q[(hg — h1)(0y + we — walby) + hy] dx — V} +

+ / [)\1(—92 + (061)2) + >\Q<—1 + 92 + (&2)2)+)\3(—WQ + (@3)2) + /\4(—1 + )] + (a4)2)] dx
Q
(21)

Note thatv plays simultaneously two roles: of a trial field and of the Lagrangian multiplier for
the equilibrium equation:

a(w,v) = f(v) (22)

The stationary conditionL = 0 with respect tav, ¢, 65, ws, a; IMply

f(ow) —a(v,dw) =0 (23)
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g—g =0, (24)
g—é =0, (25)
g—i ~0, (26)
gi =0 (27)

The equation (23) implies = w, wherew solves (22). The equation (24) gives a pointwise
condition

a NO&
90 KagD m“(92,w2,¢)/ﬂu] =0 (28)
wherer,g(v) = —v 5. The roots of this equation can be found analytically, see Fedorov and

Cherkaev [10], Banichuk [11], Pedersen [12]:

¢1:¢H7 ¢2,3:¢Riga

X (29)
G15 = bu £ 5 avccos(— )
where _
D2 tre
5/{ = = = (30)
D2 — D33 /(trk)? —4ddet &

ando, represents an angle between the first principal directionafd the axis:;.
The equations (25), (26) imply the following conditions

o -

%6, [naﬂ(w)Daﬁ’\“(Qg,wg, qb)/f,\u(w)} = A1 —wy)(he — h1) — M1+ Aa, (31)

o [ﬁaﬁ(w)ﬁaw(eg,@, gb)/@\u(w)] = A(1— 0o)(ha — hy) — A3+ As (32)

Let us define the auxiliary quantities

gD dD
Fap(w) —7—Fau(w) Fap(w)———ru(w)
0= %6, P= O (33)
A(l — WQ)(hg — hl) ’ A(]. — 92)(]12 — hl)
If \y =0andf, # 1, wy # 1, the conditions (31), (32) assume the form
Q=1, P=1 (34)

The stationary conditions with respectdparea; \; = 0 (do not sum over i)
2

The conditiona—L > 0 implies\; > 0.
d(a;)?



ECCM-2001, Cracow, Poland

3.2 The computational algorithm

The equilibrium equation (22) is solved approximately by the three-node triangular plate bend-
ing finite element method (element DKT), as developed in Batoz et al. [13] and Kikuchi [14].
The analysis and optimization program has been written in C++ and graphical procedures have
been written in Java. The numerical solution to the pron@?)w is constructed iteratively, the

main steps being similar to those applied in Liegki and Othman [5] and in Othman [6].

Step 0.Fix the dataZ, v, hq, he, 2, p = p(x), V and the boundary conditions oX2. Discretize
Qinto the element®., e = 1,2, ..., Ne; assign(#s, ws, ¢¢) for each).. We apply the simplest
possible approximation

Ne
fl@) = fxa.(@),  [€{0w,0} (35)

Step 1.ComputeD*# (65, we, ¢°) and D (65, ws, ¢°).
Find w representing the deflection field satisfying (22).

If the step 1 is executed first time, compute= f(w) by (19) and initializeJ,; = J. In
opposite case, skip this command.

Computex, ;(w)
Compute the roots¢, i = 1,...,5 by (29)

Find the energy density for each element;

e 1 e Na € Wwe. d%\KS
Uf = 5 raa(w) D (05, w5, 65) 5, (w)

7

Choose this roap for which U¢ is the greatest for each element independently.
Step 2.Fix an initial value of the multiplieA
Step 3.For each element compute analytically the derivatives:

OD P05, ws, ¢°) QDN (05, WS, ¢°)
892 ’ au}g ’

andQ¢, P by (33).

Fix ¢ € [0, 1] called a move limit. Choose a non-negatiyesayn = 0.75, a damped factor.
Updated, by the scheme of Bendsge [9]

max{ (1 — ¢)#5,0} if (i)
05 = { 05(Q)" it (i (36)
min{(1 + ()65, 1} if (i)

The conditions (i)-(iii) are defined as follows



S. Czarnecki, T. Lewihski

(i) 03(Q°)" < max{(1 — ¢)f3,0}

(i) max{(1 — )03, 0} < 05(Q°)" < min{(1 + ()63, 1}

(iif) min{(1 + ¢)63,1} < 65(Q°)"

To updatev, a similar scheme is used, wihreplaced byP. Thus we finduv,. A finite element
will be called passive if (ii) holds and active in other cases.

In the case when "old?S5 assumes the values 0 or 1ugf assumes these values the new values
of #5 andw$ are not changed.

Compute the volume
Ne
=Y / (s — Ba) (05 + & — 058) + ] da
e—1 e

As noted by Othman [6], ii/4 > V one should increas& and go to Step 3. I, < V then
decreasé\ and go to Step 3. IV, ~ V then, by a standard routine, compute the compliahce
and initializeJ,,.,, = J.

If Jhew = Jog then STOP. In opposite case set; = J,..., and go to Step 1.

4 A smart material formulation

By using the duality methods presented in Gibiansky and Cherkaev [1], Allaire et al. [15], Al-
laire and Kohn [16], Lewiski and Telega [2] and Telega and Léski [17] one can reformulate
the problem P) considered in Sec. 2 to the following minimization problem

0<mo<lMES

(P) min_min { /Q G (M (x), ma(x)) dz | Eq. (17) hold%

Here S represents the set of statically admissible momadts= (1/*?) and the potentiall’*
is given by
1 .
SUM)H () if I(M) #0
QW™ = (37)

where 1(M) |
(M) = - [(trM)? — 4 det M]"?

The functionH () is defined by
Hi(§) 1 €&
H(E) i & elé.él] (39)
Hy(§) it £€[0,&]
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Ha(g) =aq + Ca§2 >

~ (40)
H() = Ho(§) +dal€ —&a)?, a=1,2,
The parameters involved in (39)-(40) dependon= (k,)™", L, = (ia) "' andmy:
_ AK[L], _ mAK
“TALKL, T L
B K Ko+ Lo(K)
o ={K}n, ay= L, 1)
C1 = {L}m ) cy = Ly
B mymo(AL)?[K],, ~ miAL(Ly + [K],)
VKA Ln[L i (K + L]m

The operatior-} is explained in (12).
Note thatH,, are stiched smoothly With/ até, = &,. Hence the inverse constitutive relations:

*

Kag = W are continuous.

Let us compare the formulatio(®) and(P). In (P) the functionm, is the only design variable,

in contrast to three design variables of the prob(e’?r). However, the static problem built in
into (]3) is nonlinear, which makes both the formulations equally difficult. It has turned out that
the formulation(ﬁ) is well suited for one-dimensional problems of circular plates, see Kolanek
and Lewhski [7]. The method is sufficiently flexible to consider the limit casé0f 0, which

corresponds to the shape optimization problem.

The result (37), (39) is essential to understand both the relaxation formulafPQrmd(}A’).
We note that the plate domain is divided into 5 different subdomains, where, see Gibiansky and
Cherkaev [1]:

a) my = 0 or the plate is homogeneous and isotropic of constant thickness,
b) m, = 1, as above, but = h,

C) & > & the microstructure is of first rank angdis given by, or ¢s

d) &u € [€2, &1]; the microstructure is of first rank; = ¢4, ¢, or ¢s;

e) & € [0, & ]; the microstructure is of second rank= ¢, ¢» Of ¢3;

~

The formulation(P) can be inverted to its primal form involving the displacement fields
the main unknown, see Lipton [18] and Léwki and Telega [2]. Then the regimes (c), (d), (e)
assume the form expressed in terms of strains:

C) 5/{ 2 51
d) & € [£2, 1]
e) 5/@ € [0,52],

where

V(tre)? —ddet
[trk|

§r = (42)
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is a non-dimensional invariant characteristics of the strain field

Moreover,

g Al{j v mgAk’

gl_A—,u’ g2zm (43)

5 Optimal layouts of square plates subjected to a uniform loading

The numerical solutions presented here concern the square plates of side lengths 1.0 m by 1.0 m.
The thicknesses are assumed/gs= 0.01 m andh, = 0.02m. The volume is taken dg =

0.001875 m3. The elastic moduli areZ = 2.1 - 103 kN/m?, v = 0.3. The density of a uniform

dead loading applied equajs= 1.0 kN/m?.

Two cases of the homogeneous boundary conditions are considered: a clamped support along all
the edges or a fully supported edge. Thus in all cases it is sufficient to consider 1/8 of the plate or
confine consideration to the right- angled triangle of legs of length 0.5 m. This triangle domain

is divided into triangular DKT finite elements, with 36 elements along a leg. The compliance

of a homogeneous plate of a constant average thickness, having a given Jolisndenoted

by Jy. The ratioJ/ J, is called a relative compliance and its deviation from unity represents the
advantage we have by redistribution of nonhomogeneities.

The optimal layout of the density of the second plate matenigl:= ws + (1 — wy)f, for

the clamped plate of dimensions and elastic characteristics given above is presented in Fig. 1.
Here the relative compliance equals.J, = 0.66. The whole range of the values of, from

0 to 1 is represented by the grey scale- from whitg & 0) to black ¢n, = 1).The strongest
material, where the thickness equals finds its place along the sides. The corners are just

the places where the weaker characteristics prevail. It turns out that the smaller value of the
thickness is nowhere attained, since the corners and other intermediate regions are occupied by
the composite materials described by the regimes (c)-(e), see Fig. 2. The domains of regimes
are depicted by the grades of grey:

the light-grey regions correspond to the regime (c),

the grey regions characterize the regime (d) and

the dark-grey regions correspond to the regime (e).

Note that the regime (d) separates the regimes (c) and (e).

A different layout ofm., is observed for simply supported plates, cf. Fig. 3. Here the central part
is, as before, occupied by the 2nd rank ribbed plate but this domain is now almost circular. The
first rank ribbed material (c) finds its place in the corners, see Fig. 4. The relative compliance
is now.J/J, = 0.81. Thus the advantage of optimization is smaller than in the case of clamped
plates.

10
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Fig. 1. Clamped plate. Distribution ofi,

Fig. 2. Clamped plate. Layout of regimes: (b)-(e)

11
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Fig. 4. Simply supported plate. Layout of regimes: (c)-(e)

12
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6 Final remarks

The optimization results presented are referred only to the thin plate (Kirchhoff) model. This is
the only plate model for which a rigorous relaxation of the minimum compliance problem has
been put forward.

If one assumes that the so called laminates of finite rank suffice for the relaxation of the mini-
mum compliance problem of Reissner-Hencky plates we have the result of Lipton [19], Lipton
and Diaz [20], Diaz et al. [3] according to which the laminates of 3rd rank are sufficient to fill
up the design space.

A rigorous three-dimensional approach to plate optimization has been recently presented by
Olhoff et al. [8].
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